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Abstract –In this letter, we address the Fe2+ state of iron with six 3d electrons. Five of them are
localized with ferromagnetic order, while the sixth one is itinerant antiparallelly to the localized
ones. We consider spin-fermion model of 3d electrons and show that one can fix the parameters in
the theory so that the calculated magnetization matches the experimentally measured one. With
these parameters in mind we show that the sixth 3d electrons have well defined Fermi surfaces,
therefore the material is metal. Further on we consider an iron prepared by means of an applied
external magnetic field upon cooling. We assume that the applied magnetic field is along the
magnetic order of localized 3d electrons and antiparallel to the magnetic order of the itinerant
sixth electron. Therefore the applied field decreases the Zeeman splitting of the spin-up and spin-
down sixth electrons. We focus on the quantum partial order (QPO) state which is obtained when
the applied field compensates the Zeeman splitting so that the sixth 3d electrons do not contribute
to the magnetism of iron and magnetic order is formed by means of localized 3d electrons. We
obtain an effective Hamiltonian for iron in (QPO) state and demonstrate that the spin triplet
superconducting state with the T1u gap symmetry may be a ground state.
Introduction. – The objective of the study of fer-
romagnetic metals (iron, cobalt, nickel) is to explain the
coexistence of magnetic order and conductivity in these
materials. At the heart of this phenomenon lies the fact
that part of the electrons in the system is localized while
others are itinerant. The theory of the magnetism of lo-
calized electrons is well described by means of Heisenberg
model, while the theory of itinerant electron magnetism is
still under debate. The origin of spin polarization of itin-
erant electrons is studied by Stoner [1]. His theory of itin-
erant electron magnetism, based on spin-polarized band
theory, describes the magnetic ground state in metals but
fails to calculate the Curie temperature. This disadvan-
tage was overcome by Moriya [2] who developed a theory
of spin fluctuations in itinerant electron systems.
The first theory of ferromagnetic metals, with ac-
count for itinerant and localized electrons, is presented by
Vonsovsky [3]. The main idea is that s-electrons in the sys-
tem are responsible for conductivity while d-electrons are
responsible for the magnetism (s-d model). in a more rig-
orous way the magnetic metals are discussed by T. Kasuya
[4]. He showed, that both ferro- and antiferromagnetism
are possible.
An important advancement in the theory of ferromag-
netic metals are the principles formulated by Zener. The
third Zener’s principle [5] is that the spin of an incomplete
d shell is strongly coupled to the spin of the conduction
electrons. This coupling tends to align the spins of the
incomplete d shells in a ferromagnetic manner. Guided by
the Zener’s principle one can formulate the theory of fer-
romagnetic metals in terms of d electrons only. To match
the experimental results for saturation magnetization in
units of µB per lattice siteM = 2.217, one has to consider
a model with six d electrons. Five of them are localized
and parallelly oriented while the sixth one, in accordance
with Pauli principle, is antiparallelly aligned with respect
to localized electrons. If the sixth electron is localized too,
the magnetization per lattice site is 2µB. To resolve this
shortcoming Zener proposed that the average number of
the sixth electrons is less than one per atom. This means
that ferromagnetic iron is multivalent (Fe2+−Fe3+). The
fact that the major portion of the Fe moment is localized
comes from neutron scattering experiments [6], and the
specific-heat measurements [7].
In the present paper we consider the spin-fermion model
of ferromagnetism and conductivity of Fe2+ iron. The
five localized electrons are described by spin s = 5/2 spin
operators, while the sixth electrons are fermions. The
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spin-fermion exchange is antiferromagnetic. To explain
the magnetism and conductivity of the iron we invoke the
Mott theory of the insulator-metal transition [8]. It states
that if the kinetic energy of the electron is high enough
compared with Coulomb repulsion, doubly occupied states
can be realized and respectively empty states. Then the
hopping of the electrons realizes the electric transport and
the material is metal. At the same time the doubly oc-
cupied and empty states are spin singlets, so that their
existence effectively decreases the value of the magnetic
moment of the system. One can fix the parameters of
fermion model so that the total magnetic moment per
atom in units of Bohr magneton to match the experimen-
tal measurement.
To explore more precisely the impact of the spin fluc-
tuations in ferromagnetic metals one maps the itinerant
electron system onto an effective Heisenberg model with
classical spins [9–12]. With exchange parameters in mind
the effective Hamiltonian is used to study the spin fluctu-
ations in the system.
In the present paper we integrate out the fermions and
obtain an effective Heisenberg hamiltonian of two spins,
an analog of Heisenberg model of ferrimagnets [13]. The
important difference is that in the present paper the two
spin operators are at one and just the same lattice site. To
study magnetic properties of the iron we borrow technique
of calculations utilized for ferrimagnetic systems [14, 15].
We proceed studying field-cooled (FC) iron. The ma-
terial is named field-cooled if, during its preparation, an
external magnetic field is applied upon cooling [16–29].
The experimental results show a notable difference of the
magnetic properties of the FC ferrimagnetic spinel and the
normal one below Ne´el TN temperature.
FC systems possess an important state, the partial order
state. Magnetic state is a partial order state if only part
of the electrons in the system give contribution to the
magnetic order. It is studied in exactly solvable models
[30–32], by means of Green’s function approach [14] or
modified spin-wave theory of magnetism [15] and utilizing
the Monte Carlo method [31]. Experimentally the partial
order is observed in Gd2T i2O7 [33].
In the present paper we assume that the applied, dur-
ing the preparation, magnetic field is along the magnetic
order of localized 3d electrons, therefore antiparallelly to
the magnetic order of the itinerant sixth electron. The ap-
plied field decreases the Zeeman splitting of spin-up and
spin-down sixth electrons . We consider the quantum par-
tial order state when the Zeeman splitting is compensated
and the sixth electrons do not contribute the magnetiza-
tion of iron. The Hamiltonian of the spin-fermion interac-
tion of the sixth electrons, without Zeeman splitting, and
transversal fluctuations (magnons) of the localized spins
is obtained. We show that this interaction leads to the
spin-1 antiparallel p-type superconductivity, and present
the dependence of the gap on the parameters in the theory.
Because the preparation of the field cooled ferrimagnets
is well established practice, we hope that there will be no
problem in preparation of FC iron and verification of the
superconductivity of the iron in the quantum partial order
state.
Ferromagnetism and conductivity of Fe2+ iron.
– The Hamiltonian of the 3d electrons of iron in Fe2+
state is
h = h1 + h2 + h3 + h4 (1)
h1 = −t
∑
<ij>
(
c+iσcjσ + h.c.
)
+ U
∑
i
ni↑ni↓ − µ
∑
i
ni
h2 = −J
it
0
∑
<ij>
Siti · S
it
j
h3 = −J
l
∑
<ij>
Sli · S
l
j
h4 = J
∑
i
Siti · S
l
i.
The spin operators Sli are the spin-5/2 operators of the
localized electrons, c+iσ and ciσ (σ =↑, ↓) are creation and
annihilation operators for spin-1/2 Fermi operators of itin-
erant electrons, Siti are the spin operators of the itinerant
electrons with components
Sitνi =
1
2
∑
σσ′
c+iστ
ν
σσ′ciσ′ , (2)
where (τx, τy , τz) are Pauli matrices, niσ = c
+
iσciσ, ni =
ni↑ + n↓, t > 0 is the hopping parameter, U > 0 is the
Coulomb repulsion and µ is the chemical potential. The
parameters J it0 , J
l and J are positive and describe the
ferromagnetic exchange between itinerant electrons (J it0 ),
between localized electrons (J l) and the antiferromagnetic
spin fermion exchange (J) . The parameter J is charac-
teristic of intra-atom interaction, while J l features the ex-
change between two sites (two atoms). This is why J is
much larger then J l. Sums are over all sites of a body
centered cubic (bcc) lattice.
To study the effects of hopping t and Coulomb repul-
sion U we represent the fermi operators c+iσ, ciσ, spin op-
erators Siti and density operators niσ = c
+
iσciσ of itinerant
electrons by means of the Schwinger-bosons (ϕi,σ , ϕ
+
i,σ)
and slave fermions (hi, h
+
i , di, d
+
i ) [34], where the fermions
have no spin but have charge 1 and -1 respectively, while
bosons are charge-less with spin 1/2. In this representa-
tion Coulomb term is quadratic and one can study its im-
pact exactly [35]. The spin operators of localized electrons
Sli(a
+
j , aj) are represented by means of Holstein-Primakoff
representation where a+j , aj are Bose fields [36].
Accounting for the quadratic terms of slave fermions
(hi, h
+
i , di, d
+
i ) in Hamiltonian h1 and h4 we get the ex-
pression for the free Hamiltonian of the fermions
h0 =
∑
k
(
εdkd
+
k dk + ε
h
kh
+
k hk
)
(3)
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At half filling µ = U/2 and dispersions adopt the form
εdk = −tεk +
U
2
+
sJ
2
εhk = tεk +
U
2
+
sJ
2
(4)
εk = −8 cos
kx
2
cos
ky
2
cos
kz
2
,
where k runs over the first Brillouin zone of a bcc lattice.
An important characteristic of the sixth electrons is the
zero-temperature spontaneous magnetization of the elec-
tron
m =
1
2
(
1− < h+i hi > − < d
+
i di >
)
. (5)
When in the ground state the lattice site is doubly occu-
pied (< d+i di >= 1) or empty (< h
+
i hi >= 1) m = 0,
these states are singlet. When m is maximal (m = 1/2),
therefore < h+i hi >=< d
+
i di >= 0, all sites are occupied
by one sixth electron.
To feature the magnetic properties of the sixth electrons
we introduce the vector Mi, M
2
i = m
2. The spin vector of
the itinerant electrons (2) can be represented in the form
Siti =
1
2m
Mi
(
1− h+i hi − d
+
i di
)
, (6)
We integrate out the slave fermions d and h to obtain the
two-spin Hamiltonian of the effective theory of magnetism
of iron
heff = −J it
∑
<ij>
Mi ·Mj − J
l
∑
<ij>
Sli · S
l
j
+ J
∑
i
Mi · S
l
i, (7)
where Mi =< S
it
i >d,h and the exchange constant J
it is
a positive sum of the exchange constant J it0 (1) and ex-
change due to interaction of slave fermions and Schwinger-
bosons. To proceed we use the technique of calculation
implemented in the theory of ferrimagnetism: i) we rep-
resent Sli and Mi by means of spin s = 5/2 and spin
m < 1/2 Holstein-Primakoff formulae, ii) we keep only the
quadratic terms in the Hamiltonian, and use the Bogoli-
ubov transformation to diagonalize it. The final result for
the effective Hamiltonian in terms of Bogoliubov bosons
is [36]
heff =
∑
k
(
Eαk α
+
k αk + E
β
k β
+
k βk + E
0
k
)
, (8)
where Eαk > 0 for all values of the wave vector (k), E
β
k is a
dispersion of the ferromagnetic magnon of the system and
E0k is the ground state energy. The spontaneous magneti-
zation of the system M = M l +M it has representation
M = s−m−
1
N
∑
k
(
< α+k αk > − < β
+
k βk >
)
. (9)
At zero temperature < α+k αk >= 0, < β
+
k βk >= 0 and
the saturated magnetization is M = s −m. The experi-
mental result for M is M = 2.217 in units of Born mag-
neton. For s = 5/2,the magnetic moment of the itinerant
electron is m = 0.283 < 0.5. If εhk > 0 and ε
d
k > 0,
< h+i hi >=< d
+
i di >= 0 and m = 0.5 as follows from
equation (6). The magnetization of the sixth electron is
m < 0.5 if charge carriers fermions h and d have Fermi
surfaces (< h+i hi > + < d
+
i di > 6= 0). Therefore the
material is metal. The theoretical calculations show that
m = 0.283 if the parameter (Js+ U)/(2t) = 1.78 [36].
The model (1) with five localized and one itinerant 3d
electrons describes the magnetic and transport properties
of Fe2+ iron.
Quantum Partial Order and Superconductivity
of Field-Cooled Fe2+ Iron. – We continue examining
a field-cooled iron. If, during the preparation, we apply
magnetic field along the magnetic order of localized 3d
electrons the magnetization of these electrons arrive at
their saturation, while the Zeeman splitting of itinerants
electron decreases. The nontrivial point is that this is
true and after switching off the magnetic field when the
process is over [16–23]. To account for the effect we in-
clude ”frozen” magnetic field adding a term −H
∑
i
Sit zi
in the Hamiltonian (1). Then the dispersions of the slave
fermions (d, h) adopted the form (4):
εdk = −tεk +
U
2
+
sJ
2
−
H
2
εhk = tεk +
U
2
+
sJ
2
−
H
2
, (10)
where s = 5/2. We consider a state prepared with ap-
plied magnetic field H = Hc = U + sJ . The density of
slave fermions nd = nh = 1/2, therefore the magnetic
moment of itinerant electron is m = 0 (5). By means
of this field one prepares a quantum partial order (QPO)
state, when the itinerant sixth 3d electron does not con-
tribute the magnetization of the system and magnetic or-
der is formed by the five localized 3d electrons. In QPO
state the itinerant electrons do not form transversal spin
fluctuations, and we can represent them by means of cre-
ation and annihilation operators in Hamiltonian (1). The
Hamiltonian of iron in QPO state is
hQPO = −t
∑
<ij>
(
c+iσcjσ + h.c.
)
− J l
∑
<ij>
Sli · S
l
j
+
√
s
2
J
∑
i
(
c+i↓ci↑ai + c
+
i↑ci↓a
+
i
)
, (11)
where ai, a
+
i are Bose operators from the Holstein-
Primakoff representation of spin operators of localized
electrons Sli. In the spin-fermion interaction they are ac-
counted for in linear approximation.
To study the superconductivity of iron, induced by spin
fluctuations, we integrate out the bosons and obtain an
p-3
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effective four-fermion interaction. Then we proceed in the
standard way to find the gap function equation.
The sums in Eq.(1) are over all sites of a body centered
cubic (bcc) lattice. The first Brillouin zone of a bcc lattice
is quite complicated and it is difficult to integrate over
wave vectors. To circumvent this problem we introduce
two equivalent simple cubic sub-lattices. Following the
standard procedure one obtains the effective Hamiltonian
in the Hartree-Fock approximation
hf
4
HF =
∑
k
[
∆Ak c
A+
↓−kc
A+
↑k +∆
A+
k c
A
↑kc
A
↓−k
+ ∆Bk c
B+
↓−kc
B+
↑k +∆
B+
k c
B
↑kc
B
↓−k
]
, (12)
where the gap functions of the wave vector k are defined
by the equations
∆Ak =
1
N
∑
p
< cA↑−pc
A
↓p > Vp−k
(13)
∆Bk =
1
N
∑
p
< cB↑−pc
B
↓p > Vp−k.
The potential V (p− k) = V (q)
V (q) =
J
16J l
1
1− cos2( qx2 ) cos
2(
qy
2 ) cos
2( qz2 )
(14)
is the fermion binding potential result of transversal spin
fluctuations of the 3d localized electrons. The wave vectors
k and p run over the first Brillouin zone of a simple cubic
lattice.
The two sublattices are equivalent, therefore the Hamil-
tonian should be invariant under the replacement A⇆ B.
This is true if
∆A = ∆B = ∆. (15)
We set ∆ in equation (12) and by means of the Bogoliubov
transformation we rewrite the Hamiltonian in a diagonal
form
hf
4
HF =
∑
k
Ek
[
fA+k f
A
k + f
B+
k f
B
k − ρ
A+
k ρ
A
k − ρ
B+
k ρ
B
k
]
,
(16)
where
Ek =
√
ε2k +∆
2
k (17)
Bearing in mind Bogoliubov transformation we calculate
< cA↑−kc↓kA > = < c
B
↑−kc
B
↓k > (18)
=
1
2
∆k√
ε2k +∆
2
k
tanh
Ek
2T
where T is the temperature. At zero temperature the gap
equation adopts the form
∆k =
1
2
1
N
∑
p
∆p√
ε2p +∆
2
p
V(p− k) (19)
The classification for spin-triplet functions ∆k = −∆−k
in the case of bcc lattice [37] inspires to look for a gap in
the form with T1u configuration
∆k = ∆(sin kx + sin ky + sinkz) . (20)
We multiply both sides of the equation (19) by
(sin kx + sin ky + sin kz) and integrate over the wave vec-
tor k. Using equality
∫
d3k
(2pi)3
(sin kx + sin ky + sinkz)
2
=
3
2
(21)
we obtain the equation for nonzero gap parameter ∆
3 =
∫
d3k
(2pi)3
d3p
(2pi)3
V (p− k)
(22)
×
(sin px + sin py + sin pz)(sin kx + sinky + sin kz)√
t2
J2
ε2p +
∆2
J2
(sin px + sin py + sin pz)2
,
We have used that in QPO state, Hamiltonian (11), the
dispersion of fermions is tεp (5).
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Fig. 1: The dimensionless gap/J (∆/J) as a function of di-
mensionless hoping parameter t/J for different values of the
dimensionless parameter J l/J , where J l is the exchange be-
tween the localized d-electrons and J is the exchange between
the localized and itinerant d-electrons. The figure shows that
superconductivity is suppressed when t/J and J l/J increase.
The dimensionless gap/J (∆/J) as a function of dimen-
sionless hoping parameter (t/J) is depicted in figure (1)
for different values of the parameter (J l/J). The figure
shows that superconductivity is suppressed when t/J and
J l/J increase. It is important to repeat that J is an intra-
atomic exchange while t and J l are exchanges between
atoms, hence J is much larger than t and J l. Therefore
the small values of t/J and J l/J are physical relevant.
The figures show that this is the case of the factual super-
conductivity.
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Conclusion. – The present paper highlights the pos-
sibility of featuring new iron based superconductors. It is
demonstrated that the spin triplet superconducting state
with the T1u gap symmetry may be a ground state.
Below Curie temperature (TC) Cooper pairing of
fermions is induced by potential (14) with long range be-
havior
V (q) ≈
1
q2
, (23)
when q → 0. Above Curie temperature the spin fluctu-
ations open a gap and one has to replace the potential
(14) in gap equation (22) by potential with low-momenta
aproximation
V (q) ≈
1
q2 + δ
→
1
δ
. (24)
The gap δ rapidly increases when temperature increases,
which in turn suppresses superconductivity. This is why
we think that there is no superconductivity above Curie
temperature. A precise analyze of finite temperature prop-
erties of the superconductivity is possible after study of
the finite temperature properties of ferromagnetic iron in
a quantum partial order state.
The same mechanism can be applied in preparation of
cobalt based superconductor. The cobalt in Co2+ state
has seven 3d electrons. One can consider five of them
to be localized with ferromagnetic order and the other
two itinerant 3d electrons are antiparallel to the local-
ized ones. We expect two -band superconductivity if the
Zeeman splitting energies of the itinerant 3d electrons are
equal or two sequencing superconducting states if they are
not equal.
The ferromagnetism is incompatible with the s-wave su-
perconductivity. The spin-fermion interaction in these
materials leads to Zeeman splitting of itinerant elec-
trons. This is why the superconductivity in these ma-
terials is unconventional, near the ferromagnetic quantum
critical point, with very low critical temperature. The
most famous example of ferromagnetic superconductor is
UGe2 [38] with superconductivity confined to ferromag-
netic phase, while the most recent materials are the Eu-
based iron pnictides Eu(Fe0.75Ru025)2As2, where the su-
perconductivity coexists with the ferromagnetic order of
the Eu2+ spins [39, 40].
The superconductivity in the present paper is a result of
compensation of Zeeman splitting of itinerant 3d electrons
in iron prepared by means of an applied external magnetic
field upon a cooling. This reminds us of Jaccarino-Peter
(JP) compensation mechanism [41]. For some magnetic
metals, the exchange spin-fermion interactions have a neg-
ative sign. This allows for the conduction electron polar-
ization to be canceled by an external magnetic field so
that if, in addition, these metals possess phonon-induced
attractive electron-electron interaction, superconductivity
occurs in the compensation region. A superconducting
state induced by an external magnetic field has been ob-
served in the pseudoternary Eu−Sn molybdenum chalco-
genides and explained in terms of the Jaccarino-Peter com-
pensation effect [42]. CePb3 is the first reported heavy-
fermion magnetic-field-induced superconductor [43]. Such
an unusual behavior was interpreted as a manifestation of
the Jaccarino-Peter effect.
There is evidence for the Jaccarino-Peter mecha-
nism in the field-induced organic superconductors λ −
(BETS)2FeCl4 and κ− (BETS)2Br4 [44–46].
The important point is that in the JP theory the super-
conductivity appears when the magnetic field is applied
and disappears when the magnetic field is switched off.
In the present theory, the magnetic field is switched
off when the preparation of field-cooled iron is over. We
showed that prepared FC iron in QPO state possesses su-
perconductivity.
The superconductivity of iron is a consequence of non-
trivial separation of 3d electrons in Fe2+ state. It is due to
Pauli principle and permits to prepare a quantum partial
order state which in turn is the fundament of supercon-
ductivity in FC iron.
The field-cooled Fe2+ iron, in a quantum partial order
state, is a candidate as a new member of the huge family
of iron based superconductors [47–55]. There is a theoret-
ical point of view that FeS superconductors are at short
distance from Mott transition [56, 57].
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